This paper gives the first two moments of a wave field scattered by grazing incidence on a moderately rough surface. The expressions are derived for normally distributed surfaces with arbitrary spectrum, and are valid at depths that are large compared with the surface height. It is demonstrated that the first moment has a weak dependence on the surface fluctuation spectrum. The first moment is compared with Monte Carlo simulations, and gives close agreement. It is also shown that for a given degree of surface roughness the first moment retains the fiat-surface reflection property of being determined by the distance from an "image source," i.e., the sum of the depths of source and receiver.
INTRODUCTION
In the study of rough surface scattering a central problem is to find the statistics of the scattered wave field •-3 and relate them to those of the surface. Few results are known, in particular, for the case of a wave T multiply scattered by grazing incidence on a very rough one-dimensional surface; expressions for the moments have been given 3 for the perturbation regime of small surface heights, and in the near-surface region 4 for slightly greater roughness.
In this paper equations are derived, following the method proposed previously/ for the first and second moments of the scattered field due to a Gaussian beam. These expressions are valid for moderate rms surface height ½, at depths much greater than ½. The surface is assumed to be normally distributed, with arbitrary autocorrelation function. Wave propagation in this regime is well described by the parabolic equation method, 6 which expresses the field in terms of a Green's function. In deriving the equations here, we first obtain the correlation between the Green's function G (•,F) and the incident field Tmc (F" where F, 7"are points on the random surface. The moments of the scattered field are then expressed in terms of this correlation, using an approximate form 5 for the vertical derivative o•/Sz along the surface.
The equations obtained are based partly on numerical discretization, but express the dependence of the moments on the surface statistics explicitly. The equation for the first moment is compared with Monte Carlo simulations for a surface with Gaussian spectrum, and gives good agreement. The first moments are compared for surfaces with Gaussian and power-law spectra, and are found to depend only weakly on the surface spectrum.
For a source at a depth Zo below a flat surface as is well known the scattered field T s at depth z, equals the field that would be due directly to an "image source;" thus T s is determined by Zo + z•. It is shown here that when the surface becomes rough although the mean field depends strongly on ½, it retains this property. This result is confirmed by simulations for much larger values of •.
The parabolic equation method and other preliminaries are given in Sec. I, and in Sec. II the solutions are described and computational results given.
I. MATHEMATICAL PRELIMINARIES AND EQUATIONS
In this section we set out the details of the parabolic equation method for simulation of surface scattering, 6 following the notation used previously/ and recall the results which are needed.
A. Parabolic equation method and numerical solution
We consider the two-dimensional scattering problem, i.e., from a one-dimensional surface. We treat the case in which the field is incident at low grazing angles, and is governed by the parabolic wave equation. The coordinate system (x,z) is taken as usual, where x is horizontal, x>0, and z is the vertical, decreasing downwards. Let • = (x,z). The source will be centered around 7o = (0,0), and its mean distance from the surface will be denoted %. Let h• (x) be the rough surface, and let h =% -h•, so that h has mean zero. The derivative ofh is assumed to be bounded. The mean of the exponential in (9) is just exp(a•/2), (e.g., Papoulis • ), and therefore, since c is deterministic, F( x,x',x",z ) • c( x,x',x",z' )exp( a2 /2 ). 
D. Computational results
The expression (12) for the first moment was evaluated and compared with simulations, taking the average over many realizations, for various depths and degrees of surface roughness. An example of this comparison is shown in Fig. 1  as a function ofx for kqb ----1.6 . The deterministic (flat surface) form is also given. Note that the surface roughness causes a slight shift in the position of the peak of the averaged field (•). In Fig. 2 
III. SUMMARY
Equations have been given for the first two moments of a wave scattered by grazing incidence on a rough surface, and the equation for the first moment agrees well with Monte Carlo simulations. The formulation of these equations is partly numerical, but they express the dependence of the moments on the surface statistics explicitly. It was found that for moderate surface heights changes in the surface fluctuation spectrum have relatively little effect on the first moment. It was seen that the scattering causes a shift in the position of the peak of the reflected wave, which is known from simulations to increase with surface height. It was also seen that for given surface roughness the mean scattered field is determined by the sum of the depths of source and receiver. Such features are of some importance, and the full spatial dependence of the mean and second moment must be addressed in future work.
Note that the range of validity of these expressions is slightly increased if the approximation (7) is replaced by
•mc --• (A)•', where (A) is known. 4 However the explicit dependence of the moments on the surface statistics then becomes obscured when (A) is inverted, without significantly increasing the rms surface heights for which these equations hold.
